We extend the concept of strange correlators, defined for symmetry-protected phases in [You et al., Phys. Rev. Lett. 112, 247202 (2014)], to topological phases of matter by taking the inner product between string-net ground states and product states. The resulting two-dimensional partition functions are shown to be either critical or symmetry broken, as the corresponding transfer matrices inherit all matrix product operator symmetries of the string-net states. For the case of critical systems, those non-local matrix product operator symmetries are the lattice remnants of topological conformal defects in the field theory description. Following [Aasen et al., J. Phys. A 49, 354001 (2016)], we argue that the different conformal boundary conditions can be obtained by applying the strange correlator concept to the different topological sectors of the string-net obtained from Ocneanu's tube algebra. This is demonstrated by calculating the conformal field theory spectra on the lattice in the different topological sectors for the Fibonacci (hard-hexagon) and Ising string-net. Additionally, we provide a complementary perspective on symmetry-preserving real-space renormalization by showing how known tensor network renormalization methods can be understood as the approximate truncation of an exactly coarse-grained strange correlator.
Introduction -The mathematical formalism of tensor fusion categories [1] appears naturally in both conformal field theory (CFT) [2, 3] and topological quantum field theory (TQFT) [4, 5] . Tensor fusion categories describe "symmetries" in the system under consideration which cannot be captured by group theory as they are not necessarily tensor products of local actions. The connection between TQFTs and CFTs generally arises from an anomaly matching condition. This is made explicit by Witten's theorem, which states that quantum systems described by certain non-trivial TQFTs must exhibit edge modes described by CFTs. It is also known that certain scaling exponents, conformal spins and the central charge modulo 8 of rational CFTs are in one to one correspondence with the quantum dimensions and topological spins of the corresponding anyon theory [2, 6] .
Non-chiral TQFTs in (2+1) dimensions can be realized on the lattice using the Turaev-Viro state sum construction [7, 8] , or the dual string-net construction [9] . The latter provides a physical mechanism which clarifies how topological phases can emerge from microscopic degrees of freedom through the condensation of extended "string-like" objects. These models are currently subject to intense study in the fields of condensed matter and quantum information as they describe quantum systems exhibiting topological quantum order, whose physical realizations could potentially yield fault tolerant quantum memories [10] . The different topological sectors (anyonic excitations) in these systems are given by the Drinfeld center of the input fusion category [11] [12] [13] [14] , which can be found concretely using Ocneanu's tube algebra [15] [16] [17] .
Rational (1+1)-dimensional CFTs can be realized on the lattice as the scaling limit of critical statistical mechanical models in two dimensions, with the most famous example being the classical critical Ising model. As shown in detail in a series of papers by Fröhlich, Fuchs, Runkel, and Schweigert, the properties and fusion algebra of topological conformal defects in CFTs are very much related to those of topological sectors in (2 + 1)D TQFTs [18] [19] [20] . This connection has been established directly on the lattice, using string-net models, in a series of papers by Aasen et al. [21, 22] .
The aim of this paper is to demonstrate that quantum tensor networks provide a useful lens through which one can view this correspondence. The main ingredients are as follows: first, we make use of the fact that stringnets and their symmetry-enriched (SE) cousins [23, 24] have a natural representation in terms of projected entangled pair states (PEPS), and that their topological features are completely characterized by symmetries of the local tensors in the form of matrix product operators (MPOs) [25] [26] [27] [28] . The emergent topological sectors are given by the idempotents of a C * algebra constructed from these symmetry MPOs, which is a representation of Ocneanu's tube algebra [15] [16] [17] . Second, we use a generalized version of the concept of strange correlators (SCs), introduced in [29] , where a classical partition function is defined as the overlap between a lattice realization of a symmetry protected topological (SPT) state and a product state with the same global symmetries. We define such strange correlators for long-range entangled stringnet wave functions. Naively, one may expect that the overlap between two states of zero correlation length is uninteresting, but the opposite is true: this partition function captures the physics at the interface between a topological phase and a trivial phase, and hence ex-hibits interesting boundary phenomena. Looking ahead, the topological properties of the string-net ensure that (a subset of) the non-local symmetries, which emerge in the scaling limit of the classical partition function at criticality, are already enforced at the ultraviolet level [21] . The third ingredient needed is a folklore structure theorem for nontrivial MPO algebras, which states that any one-dimensional quantum Hamiltonian or transfer matrix on a spin chain which commutes with all elements of such an algebra has to either be gapless/critical or spontaneously break the symmetry. This implies that the partition function obtained using the strange correlator construction (for anything but untwisted gauge theory) will be critical or symmetry broken, thereby reducing the amount of fine-tuning necessary to obtain a critical statistical mechanical model.
Our tensor network construction is useful for several reasons. First, it demonstrates that MPO algebras provide a systematic description of the non-local lattice symmetries that underlie topological properties of emergent CFTs [21] . Second, if the input category corresponds to the full Moore-Seiberg data of the emergent CFT and none of the MPO symmetries are broken, it yields a direct way of constructing all different conformal blocks, which is typically a daunting task for critical lattice systems [21, 30, 31] . The strange correlator construction provides a method to obtain those blocks directly from the topological sectors in string-net wavefunctions, and the fusion and braiding of those defects proceeds exactly as in the topological case. We use this approach to numerically identify topological sectors in finite-size CFT spectra of twisted partition functions on the torus. Third, as the strange correlator construction is an overlap between two states with zero correlation length it provides a complementary perspective on real-space renormalization group (RG) schemes, which can now be carried out directly on these quantum states in a fashion that manifestly preserves the MPO symmetries.
This work has strong relations with the work of Petkova and Zuber [32, 33] , where an algebraic approach was used to construct boundary conditions in CFTs, and with the approach of Aasen, Fendley and Mong [21] , where topologically invariant defects were constructed from defect commutation relations on the lattice. The generalized strange correlator construction is a Euclidean spacetime counterpart to anyonic chain models, where topological symmetries and defects have been discussed previously [34] [35] [36] . The class of partition functions and topological defects produced by the generalized strange correlator matches those considered in Refs. [21, 22] . Viewing these lattice topological defects as MPO algebras leads to a natural numerical implementation via tensor networks and also points towards many possible generalizations such as the case of non-unitary CFTs and higher spatial dimension [37] [38] [39] .
String-nets, MPO algebras and strange correlatorsFrom the point of view of tensor networks, string-nets correspond to non-injective PEPS with MPO symmetries on the virtual level: the strings formed by these MPOs satisfy the pulling through equation, and hence are locally invisible on the physical level [25, 27, 40, 41] . Additionally, these MPOs form a closed algebra that is a representation of the fusion ring MPO a MPO b = c N c ab MPO c . The coefficients N c ab correspond to the fusion data of the input category, while the string-net is completely specified by its F -symbols which are solutions to the pentagon equation arising from this input fusion data [9] . Pairs of anyons can be constructed by putting defect tensors at the end points of MPO strings, the action of the MPO symmetries on these defects defines another C * algebra whose central idempotents correspond to the topological sectors (anyons) of the Drinfeld center output category [27, 28] . The same idempotents yield a basis of minimally entangled ground states for a stringnet defined on a manifold with non-trivial genus, and will correspond to the different conformal blocks in the statistical mechanical model if it is critical and no symmetry is broken. A SE string-net has a graded algebra of MPO symmetries whose nontrivial components are only free to move up to a physical group action. This leads to a modification of Ocneanu's tube algebra that produces the relative Drinfeld center as a graded output category [28] .
By projecting the topological PEPS wave function onto a product state |ω ⊗N , the tensor network representation of a classical partition function is obtained (albeit without a positivity guarantee for the Boltzmann weights); such a construction was first envisioned in the context of strange correlators [29] . A crucial ingredient is the fact that the corresponding row-to-row transfer matrix inherits the MPO-symmetry of the underlying string-net. Commuting an MPO in sector g through the transfer matrix leads to an action on the product state (U g |ω )
⊗N
which may correspond to a nontrivial duality between phases. When the product state is duality symmetric, the resulting transfer operator will have an enlarged symmetry algebra. It was proven in Ref. [42] for the MPO representations of a finite group G, which are characterized by the third cohomology group H (3) (G, U (1)), that no injective MPS can be found in the invariant subspace if the associated 3-cocycle of the MPO representation is non-trivial, i.e. if the MPO group action is anomalous [43] . This implies that the boundary of a non-trivial SPT phase cannot be gapped with a unique ground state, leaving criticality and symmetry breaking as the only possibilities. This behavior is inherited by the row-torow transfer matrix of the corresponding strange correlator. Analogously, it readily follows from the fundamental theorem of MPS [44] that an injective MPS cannot be invariant under the action of an MPO algebra that corresponds to a fusion category with nontrivial F -symbols (which must be the case if any of the quantum dimensions are greater than one). The non-existence of an injective MPS as unique fixed point of the row-to-row transfer matrix indicates either long range order or power law decay of correlations, exactly as in the SPT case, without any need for fine tuning [45] . We expect that the latter pos-sibility corresponds to the lattice realization of a CFT.
Fibonacci/hard-hexagon modelAs a first example, let us start with the Fibonacci string-net defined on the hexagonal lattice with the objects {1, τ }, the non-trivial fusion rule τ × τ = 1 + τ and non-trivial F -symbols
A strange correlator is obtained by projecting all physical degrees of freedom onto the τ -label, which gives rise to the partition function constructed from the tensors
and their images under rotation. This tensor network is equivalent to that of the critical hard hexagon model with c = 4/5 [46] [47] [48] [49] , where the internal {1, τ }-loops correspond to the presence and absence of a particle in the classical model, respectively. It is quite amazing that this simple ansatz gives rise to the critical fugacity z c = φ 5 . There is a subtlety related to the fact that some Boltzmann weights are negative: by making use of the Euler equation, it can readily be seen that the number of negative terms has to be even, and hence from the point of view of the partition function we can as well ignore the sign. However, the sign has a huge effect on the MPO symmetries in the tensor network: the MPO symmetries are only present for the original F-symbols.
In Refs. [27, 48] , the topological sectors of the doubled Fibonacci model were derived in terms of idempotents. Exactly the same idempotents can be inserted into the hard hexagon model, giving rise to the different conformal boundary conditions. Fig. 1 shows the exact diagonalization spectra of the transfer matrices T 1 and T τ containing respectively no defect line and a τ -defect implemented by the corresponding MPO τ . Due to heavy finite-size effects, the scaling dimensions have been extrapolated using finite-size scaling. The transfer matrices have been projected onto the different topological sectors given by the central idempotents and their eigenvectors have been labeled by the momentum eigenvalues of the twisted three-site [50] translation operator [51] . The topological corrections to the conformal spins are enforced exactly by the topological sectors [21, 22, 27] . The spectra are consistent with the defect partition functions Z 1|1 (trivial defect) and Z 1|9 (τ defect) of the Potts minimal CFT in Ref. [32] .
Ising model -Next, we construct the partition function Z = ij exp (−βσ i σ j ) of the Ising model on the square lattice from the SE string-net wave function based on the Ising fusion category, and insert all 9 possible conformal boundary conditions [21] . This string-net is built from the Ising fusion category with a Z 2 -grading on the objects {1, ψ} ⊕ {σ} and non-trivial F -symbols
From the PEPS representation of SE string-net wavefunctions [28] , we construct the transfer matrix unit cell obtained from the strange correlator as a direct sum, ,
where the gray lines are fixed to σ, the black lines to 1/ψ, and the red physical indices are acted upon with the product state ω(β)| = √ 2(cosh(β) 1| + sinh(β) ψ|). We interpret the virtual 1/ψ-loops as fluctuating Ising spin variables living on the primal lattice and the fixed σ-loops as empty dual lattice sites. The plaquette variables of the SE string-net allow us to pick out a single copy of the Ising model (projecting onto either the left or right component in the equation above), pulling through the duality MPO σ flips this choice. By enforcing the duality symmetry, and that the partition functions on both primal and dual lattice are equal, MPO σ is lifted to a virtual symmetry which interchanges two shifted copies of the self-dual Ising partition function, yielding the critical temperature β c = log(1+ √ 2)/2. This construction result in a transfer matrix with the full Ising category of MPO symmetries which enables us to make use of the central idempotents of the MPO algebra to characterize the different topological sectors on the lattice [27, 28] . If we did not promote MPO σ to a symmetry by considering both primal and dual lattices we would achieve a weaker sector decomposition [21, 31] where MPO σ is treated as an extrinsic defect [28] . Inserting a ψ-twist along a cylinder induces anti-periodic boundary conditions by effectively flipping spins across the defect line. Inserting a σ-twist implements twisted boundary conditions corresponding to the Kramers-Wannier duality.
In Fig. 2 , we plot the twisted finite-size CFT spectra for the Ising model. We remark that the σσ sector appears in both T 1 and T ψ since its central idempotent contains contributions from basis states involving both twists, which are related by the MPO σ symmetry. For the branches around momentum p = 0, the topological corrections to the conformal spins [52] are consistent with the topological spins of the anyons. Due to the superposition of the primal and dual lattice, the eigenvalues of the transfer matrix have an additional degeneracy, which is the origin of the spurious fields appearing around momentum p = ±π. The labeling of these spurious fields is compatible with the presence of an additional ψψ vacuum at momentum p = ±π corresponding to an antisymmetric combination of states from the two lattices. Indeed, ψψ appears with scaling dimension ∆ = 0 in the untwisted partition function spectrum [53] .
A strange correlator representation of the classical partition function of the 3-state Potts model can be obtained by using the Z 3 Tambara-Yamagami category [54] . Taking this data as the input category and constructing an appropriate product state |Ω we immediately find a representation of the 3-state Potts model partition function. The critical SC produced in this way contains only a subset [55] of the primaries of the unitary minimal model with central charge c = 4/5.
More generally, finding the input unitary fusion category that leads to the full set of topological sectors requires a priori knowledge of the emergent CFT. If one uses a category that is Morita equivalent to the Moore Seiberg category derived from a chiral half of the emergent CFT, then through the strange correlator construction, the partition function representation on the lattice contains the same topological data as the emergent CFT. For the lattice sectors to truly match those of the CFT, we must further require that none of the MPO symmetries is spontaneously broken. In that case properties of the tube algebra ensure that the topological spins and primary scaling dimensions are built-in and have to exactly match those of the resulting CFT [21, 22] .
Real-space renormalization -Having discussed the utility of the strange correlator perspective for characterizing the topological sectors appearing in CFT spectra, let us now discuss its real-space renormalization properties. Since we have decomposed the classical partition function into the overlap of two quantum wave functions (one of them a product state), we can reinterpret known tensor network renormalization procedures on the partition function [56] [57] [58] [59] [60] at the level of these quantum states. This approach is particularly appealing since string-nets are known to be exact zero correlation length RG fixed-point wave functions under an isometric quantum circuit whose gates are constructed from F -symbols [39, 61, 62] . Each step of this coarse-graining circuit is a projected-entangled pair operator (PEPO) U , and inserting U and its conjugate between the SC overlap Ω|Ψ SN preserves its value. This immediately results in a sequence of effective partition functions induced by the exact renormalizability of the string-net since
SN , where
and |Ψ
is a string-net on a coarse grained lattice. While the initial application of U entangles the product state Ω| to give a PEPS that can be stored exactly, further iterations require truncation if we want to cap the virtual bond dimension at a fixed value. By acting with the string-net RG circuit and its conjugate inside the SC Ω|Ψ SN , we are thus able to gradually shift the renormalization group scale. We remark that this introduces correlations into the the input state Ω|, which initially pertained to the ultraviolet physics of the critical lattice model, i.e. the Boltzmann weights which tune the lattice model to criticality, but leaves invariant the universal part |Ψ SN , which contains the topological data of the RG fixed point model. This ensures that the MPO symmetry is preserved exactly throughout the renormalization flow.
It would be very interesting to understand the highly entangled states Ω (∞) | that are exact fixed points under the renormalization circuit and yield nontrivial CFT partition functions, the same data would specify gapless boundary conditions for Turaev-Viro TQFTs. In the case of gapped fixed points, and boundary conditions, Ω (∞) | is specified by an algebra object in the input fusion category.
In Fig. 3 , we depict the internal substructure of the coarse-grained PEPS at any layer in terms of four tensors which can be derived from those of the previous layer. Some of the gates in U can be done on each of these four tensors individually, but other gates connect the coarse-grained PEPS with its nearest-neighbor tensors and require truncation. Crucially, it is the way in which this truncation step is carried out which differentiates between different tensor network renormalization schemes, since the action of the coarse-graining PEPO on the physical level of the PEPS input state amounts to (i) blocking sites, which increases the virtual bond di-string-net RG restore PEPS description truncate new PEPS Figure 3 . Every RG step, the gates of the exact string-net coarse-graining map block the PEPS tensors in such a way that preserving the PEPS structure leads to an increased bond dimension, indicating that the coarse-grained PEPS has to be truncated in order to obtain a sustainable RG transformation. mension, (ii) projecting out half of the physical indices, and (iii) constraining the surviving physical indices of the PEPS to configurations allowed by the string-net fusion rules. The actual renormalization step, which gets rid of local, short-range correlations, depends solely on the choice of PEPS truncation on the virtual level. This leads to effective partition function tensors at every layer given in terms of truncated, renormalized strange correlators
By enforcing that the input state PEPS remains a product state, we obtain a flow that remains within the Ising phase diagram, reminiscent of Kadanoff's blockspin method truncated to nearest-neighbor interactions. The simplest non-trivial way to truncate the input PEPS is by doing independent singular value decompositions to pull the coarse-grained tensors apart in Fig. 3 . We have observed numerically that this SC-TRG truncation procedure leads to a flow of partition functions whose free energy accuracy and fixed point behavior is indistinguishable from that of the tensor renormalization group (TRG) algorithm [56] . In terms of PEPS optimization, the most straightforward improvement is to include the full environment and set up a variational PEPS optimization which maximizes the overlap between the coarsegrained PEPS with an increased bond dimension and a truncated one. However, we have observed numerically that the full PEPS environment is not optimal for the removal of local, short-range correlations in Ω (i) | as part of a coarse-graining algorithm. This is consistent with the success of TNR methods, all of which remove local correlations in a highly asymmetric way [57] [58] [59] [60] . We leave the design of such a PEPS truncation procedure for future work but already note the relevance of the recently developed implicitly disentangled renormalization [63] .
Conclusions -We have generalized the concept of strange correlators to construct critical partition functions on the lattice starting from string-net wavefunctions. The defining feature of the string-nets are the matrix product operator symmetries characterizing their nonlocal entanglement structure, and we have used those same MPOs to construct the topological sectors of the emergent CFTs. We also exploited the real space renormalization group fixed point nature of the string-nets to define a symmetry-preserving coarse-graining procedure on the strange correlator partition functions. We expect that all rational CFTs can be obtained through the strange correlator construction, and that all of their conformal blocks can be found by means of the corresponding tube algebras (subtle issues that may arise are dealt with more comprehensively in the series of papers Refs. [21, 22] ). In particular, it is known that all minimal models can be realized in the closely related anyon chain models [34, 35] . The tensor network and matrix product operator approach is not inherently limited to 2-dimensional systems or unitary fusion categories, and hence it is an intriguing prospect to apply it to higher dimensional and non-unitary CFTs [64] . It would also be interesting to apply the strange correlator method to fermionic tensor networks and dualities [65] [66] [67] [68] [69] .
